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Abstract

We investigate noncooperative n-player bargaining for one
unique good. In every round, a proposer and a coalition
containing him are chosen at random. The proposer sug-
gests a division of the unique good which is implemented
if all members of the coalition approve. Otherwise, future
payoffs are discounted and the game starts all over.

As an extension of similar work, both the probability
distribution for assigning the role of the proposer as well
as each proposer’s probability distribution over the pos-
sible responding coalitions may take arbitrary values. In
addition, it is allowed for different time preferences be-
tween players.

We show existence and uniqueness of stationary sub-
game perfect equilibria (SSPE). A variety of basic proper-
ties as well as monotonicities of the corresponding payoffs
are derived. Finally, we consider the limit of payoffs for
equal discount factors converging to 1 the players’ bargain-
ing power.



1. Introduction

In many social and economic situations, coalitions from a set of players
may jointly pursue an activity which — in spite of the corresponding
costs — generates a surplus. In case that no exogenous mechanism
exists to determine the distribution of that surplus, players have to
bargain for their piece of the pie. Possible examples include the sale
of a good, joint ventures, or political policies.

In this paper, we consider n players bargaining noncooperatively
for the surplus generated by one unique activity. That is, no more
than one coalition can pursue the activity and the game ends after
one coalition has done so successfully. We further assume the gener-
ated surplus to be 1 for each possible coalition, and refer to this as
the unique good. As the main feature of the game, we assume that
communication between players is random and exogenously restricted.
In each round, one player is randomly assigned the role of the pro-
poser. Then, conditional on this player being the proposer, a coalition
is chosen at random which has the opportunity to set up the unique
activity. The proposer suggests a division of the surplus of 1 which is,
in some arbitrary order, to be rejected or accepted by each member of
the coalition. If at least one member declines, the game proceeds to
the next round and all future payoffs are individually discounted. If
all members agree, the surplus is divided accordingly, players outside
of the coalition receive nothing, and the game ends. In order to pre-
dict the players’ behavior, we restrict attention to stationary subgame
perfect equilibria (SSPE) for which existence and uniqueness is shown.
Subsequently, properties of the unique SSPE payoffs are investigated,
among them smoothness in all parameters, efficiency, null players,
and monotonicities for each group of parameters. Some supposedly
intuitive monotonicties do, however, not show in all cases. Finally,
payoffs of infinitely patient players are found to be interpretable as
bargaining power. While some properties of the payoffs are not valid
for bargaining power, an additional property concerning veto players
usually having all power is found.

The main influence for this work comes from bargaining models in
the field of social networks. In these, communication possibilities be-
tween individuals are characterized by an unweighted and undirected
graph. In a cooperational setting, [Myerson| (1977) was the first to ex-
plicitly model restricted communication. For TU games where coali-
tions are limited to those connected by an undirected and unweighted
graph, he derives and axiomatizes a coalitional value closely related to
the Shapley value. Other coalitional values have been investigated by
Owen| (1986) and Rosenthal (1988)), among others. So far, restricted



communication has received much less attention in noncooperative
game theory. In Berg (1999)), any connected pair of players has equal
probability to engage in bargaining for one of multiple goods, and
either player has equal probability for being the proposer. When-
ever two players agree on a division, they leave the game and bar-
gaining continues in the remaining subgraph. |Calvo-Armengol| (2001)
extends [Rubinstein| (1982) to n-player bilateral bargaining for one
unique good. In the first round, each player has equal probability to
be the proposer and each of his neighbors has equal probability to be
the respondent. In case the respondent agrees on the division, the
game ends. If he rejects the offer, the game starts all over with the
respondent being the new proposer.

In these models, bilateral communication possibilities are induced
by undirected and unweighted graphs which naturally impose sym-
metry in some sense or other. In contrast, this paper’s main focus
rests arbitrary probability distributions. In addition, the dynamics of
matching allow for coalitional bargaining with no restrictions what-
soever to the possible coalitions. Thus, communication structures in
this work resemble weighted and directed hypergraphs.

A second field in the literature having apparent similarities to this
work is that of noncooperative coalitional bargaining models. While
an underlying TU game determines the value of each coalition, the
game’s course is usually similar to ours but that proposers are al-
lowed to choose freely which coalition to propose to. Most classic, the
model of Baron and Ferejohn| (1989) assumes a supermajority voting
rule, equal probability for each player to be the proposer, and equal
discount factors in order to show existence of a SSPE. Uniqueness and
further properties of the SSPE payoffs are shown by |[Eraslan| (2002)
also for arbitrary proposer probabilities and discount factors. [Okadal
(1996]) shows existence of an SSPE with non-delayed agreement in
the grand coalition for TU games with increasing per-capita values of
coalitions.

While the free choice of coalitions of course seems a desirable op-
tion for a bargaining game, there is not yet any model offering state-
ments of existence and uniqueness of equilibria for general dynamics
of matching.

The remainder of the paper is organized as follows. Section 2]
presents the randomly matched bargaining game by stating the rel-
evant parameters as well as the bargaining procedure. In section [3]
stationary subgame perfect equilibria are characterized by the equi-
librium payoffs and their existence and uniqueness are shown. Basic
properties and monotonicities are presented in section [d] Section [5]
considers bargaining power as the payoffs of infinitely patient players



and lists corresponding properties. We conclude in section [6]

2. The randomly matched bargaining game

The randomly matched bargaining game we consider is noncoopera-
tive with infinite time horizon. Players are assumed to be risk-neutral,
i.e., utility is a linear function of the share received. Information is
both complete and perfect, and everything is common knowledge.

The two subsections state the relevant parameters and the bargain-
ing procedure, respectively.

2.1. The communication structure

Let N ={1,...,n} be the non empty but finite set of players. Among
these, one player is randomly assigned the role of a proposer in each
round. Denote «; to be the proposer probability of player i. The
corresponding vector o = («;);en defines the proposer distribution
over players in V. Given some proposer i, he makes an offer to coali-
tion S with probability o;5. Let o;5 = 0 for all S not containing
i, i.e., players propose to coalitions containing them onlyEI For each
player i, denote o; = (0;5)scn as his coalition distribution. We call
o = (0;)ien the profile of coalition distributions. In addition, play-
ers are assumed to have time preferences represented by the vector of
discount factors 6 = (§;)ien. Let 0 < §; < 1 for each of the possi-
bly different discount factors. According to these, players individually
discount their future payoffs at the end of any round. With this, a
randomly matched bargaining game is given by the tuple (N, a, o, 6)E|

Given a profile of coalition distributions o, the probability that
player j is in a coalition responding to player ¢ is given by 8;; =
ZSai,j 0is’| We refer to 8; = (8i;)jen as i’s vector of respondent
probabilities and to 8 = (5;)ien as a profile of respondent probabili-
ties. Note that any such profile can be induced by at least one profile
of coalition distributions[q

ITechnically, this makes it possible that some player is able to pursue the activity
on his own.

2Note that (N, (a;0is)icescN) constitutes a structure equivalent to a directed
and weighted hypergraph. Thus, communication structures considered in this
paper are much more general than those in similar work.

3Thus, by definition of coalition probabilities, it is 8;; = 1 for all i.

4Given some profile of respondent probabilities 8, consider the coalition prob-
abilities o with ;5 = [];cg8i; - [I;gs(1 — Bi;). This profile of coalition
distributions corresponds with independent responses from other players and
induces the original respondent probabilities 3.



2.2. The bargaining procedure

Given a randomly matched bargaining game (N, «,0,6), any round
takes the following course:

(i) A player i is randomly assigned the role of a proposer according
to the proposer distribution a.

(ii) Conditional on i being proposer, a coalition S 3 i is randomly
chosen according to s coalition distribution o;.

(iii) Proposer i suggests a division of the surplus of 1 between the
members of S.

(iv) The respondents j € S\{i} decide in an arbitrary order - which
one is irrelevant - on the proposal’s acceptance or rejection.

(v) If at least one respondent rejects the proposer’s offer, the game
proceeds to the next round and all future payoffs are individually
discounted according to 4.

However, if all respondents agree to the suggested division, the
surplus is divided accordingly. Players outside of coalition S
receive nothing and the game ends.

3. Stationary subgame perfect equilibria

In this section, we derive and investigate stationary subgame per-
fect equilibria (SSPE). That is, players’ offers and decisions about
acceptance or rejection are homogeneous in time and independent of
previous rounds.

The first subsection contains a characterization of SSPE by the cor-
responding payoffs, the second the statement of existence and unique-
ness.

3.1. The rationality characterization

The stationary strategy of each player i is a pair (0;,7;). The first
component is a collection of offers 0; = (0;5)s5:. Each 0;5 = (0lg)jecs
constitutes an allocation of the surplus of 1 proposed to coalition
S 3 4. The second component 7; is a decision function stating whether
to accept or reject each possible offer.

Due to stationarity, the vector of payoffs p = (u;)ien is the same
at the beginning of every round. On the condition that all offers are



accepted, we find

i = Zaj Z ajsoé-s, i=1,...,n (3.1)
J

S3i,j

From this we see that, given that all offers are individually rational
(i.e., the shares are nonnegative) or feasible (i.e., the sum of shares
does not exceed 1), the respective property also holds for the corre-
sponding payoffs.

3.1 Proposition Let ((0;,7:))ien be a profile of stationary strate-
gies with the corresponding individually rational and feasible vector of
payoffs p. The profile constitutes a SSPE iff it holds thaﬂ

i) for alli and S > 14, offers o;s are given by
ozs = 0y, Vi e S\{i}, and

ols=1— Y &n (8:2)
JES\{i}

So the shares respondents are offered are independent of both the
proposer’s identity and the coalition.

it) for all i, the decision function r; is given by

7, J

yes’  if 0t g > ;14

Ti(ojs) - Y f Js _ it VjaS > l)j (33)
no’  otherwise.

In SSPE, the decision about a proposal’s acceptance solely de-

pends on the share being offered. Respondents accept shares if

and only if they are not exceeded by their reservation value.

It follows that a SSPE is fully characterized by its vector of payoffs
1.

Proof Firstly, consider a respondent i. In case that an offer is re-
jected, he can expect ;u; by continuation of the game in the next
round. So, if the offered share exceeds his reservation value, voting
'yes’ is a best response (and this is unique if all other respondents
vote ’yes’). Being offered his reservation value d;u;, the respondent
is indifferent and can well vote ’yes’ (in fact, acceptance in this case
is necessary in order to find a best response of the proposer). Of-
fered less than §;u;, voting 'no’ is a best response (unique if all other
respondents vote ’yes’).

50ne can see from the proof that the decision functions 7; are uniquely deter-
mined only when all other respondents vote 'yes’. However, any changes in the
cases where someone votes 'no’ do not alter the outcome.



Now, consider a proposer i. Given the behavior of respondents in
S, an offer corresponding with is the most profitable among all
accepted offers. Moreover, due to 1 — ZjeS\{i} djpj > 6314, making
this offer is strictly better than continuation of the game in the next
round. Thus, an offer of this kind is the unique best response. O

3.2. Existence and uniqueness

By the previous proposition we know that immediate agreement is
reached in case of all matches. Moreover, players’ offers are known.
Thus, we can rearrange equation (3.1]) to find

3.2 Proposition An individually rational and feasible vector u is
supported by a SSPE iff it solves the bargaining equation system
(BES)

(1= a; Y ojsd)pmi+ Y i > oisdjp = o,
j#i S j#i 8305
i=1,....n. (34)

Using the definition of respondent probabilities, the BES is equiva-
lent to

(1= Biidi) i + Y i Bij 65 115 = v,
J#i J#i
i=1,...,n. (3.5)

In particular, the actual coalition structure is irrelevant insofar as the
correlation of respondents does not influence the players’ payoffs..

Proof Assume p is supported by a SSPE and players’ strategies are
given as in proposition In this case, equation systems and
are equivalent. Thus, we find the BES valid.

Conversely, assume u satisfies . Consider strategies as in
proposition[3.1} Then again, equivalence of and shows that
the payoffs from these strategies are given by p. Thus, by proposition
[B:1] these strategies constitute a SSPE. g

Thus, finding SSPE of a randomly matched bargaining game
amounts to solving the corresponding BES. Still, there is the question
whether each BES provides a solution, how many solutions exist, and
whether solutions are both individually rational and feasible. Lem-
mata and [A72] in the appendix provide the necessary statements.
We conclude with



3.3 Theorem (Existence and Uniqueness) For any randomly
matched bargaining game (N, «,0,0), there is one unique SPE in
stationary strategies. This is characterized by the vector of payoffs
= (ti)ien, i.e., the unique and always existing solution of the cor-
responding BES. In this SSPE, an agreement is reached in the first
round.

Proof Existence and uniqueness of solutions p to any BES follows
from lemma in the appendix. Lemma [A’2] states this solution
1 constitutes an individually rational and feasible vector of payoffs.
Thus, the desired statement follows from proposition [3.2] O

4. Properties of SSPE payoffs

We now present a variety of basic properties as well as monotonicties of
the SSPE payoffs. For some (at first) intuitive monotonicities, we find
they do not show in all cases. Examples are provided for illustration.

4.1. Basic properties

Before listing the basic properties, we introduce some further defini-
tions.

For any permutation w on N, define the permuted game n(G) =
(N, m(a), (o), m(5)) by

m(a) = (aw—l(i))ieNa

7T(0') = (Uﬂ—l(i)ﬂ—l(s))ieN,scN, and

m(8) = (67r—1(i))i€N~
Of course it also holds that 7(3) = (Br-1(i)=—1(j))i,jen is the matrix
of respondent probabilities of the permuted social network.

The game is called symmetric with respect to 7 if G = 7(G). For
a symmetric game, it holds 7 (3) = .

A player i is called a null player if o; = 0.
He is called a null receiver if §; = 0 or a; = 0.

4.1 Proposition

(i) Smoothness: The SSPE payoffs p are continuous and infinitely
often continuously differentiable in all parameters.

(ii) Individual rationality and efficiency: The SSPE payoffs u are
individually rational and efficient, that is, it holds

>0 (4.1)



(iii)

(iv)

(v)

(vi)

and

}:MZL (4.2)

Anonymity: Let 7 be a permutation on N. Then 7w(u) is the vec-
tor of payoffs in the permuted game w(G) = (N, (), w(0), 7(3)).

Symmetry: Let w be a permutation on N such that game G is
symmetric with respect to w. Then it is w(pu) = p.

Null players: For all 1, it is
pi=0ea; =0, (4.3)

meaning that a player expects nothing from bargaining if and
only if he is a null player.

So it also holds that a player receives the whole bargaining value
if and only if all other players are null players. For any i, it is

i = 1l o, =1. (44)

Null receivers: If a playeri is a null receiver, he has a reservation
value of 0. It then holds that

If all of a player i’s possible respondents are null receivers, it is

If all possible respondents are null receivers, it is

U= . (4.7)

Proof

(i) See lemma[A.]]in the appendix.

(ii) See lemma[A.2|in the appendix.

(iii) The BES of the permuted game is just the original one with

permuted rows and columns. So 7(u) constitutes the unique
solution.



(iv) If this symmetry holds, the BES of the permuted game is iden-
tical with the original one. Hence, the solution to the original
BES also solves the permuted BES. Since solutions are unique,
w and 7(p) coincide.

(v) For a; = 0, row i of the BES becomes (13", a;8;i0;)pi = 0.
This holds iff y; = 0. Thus, u; = 1 & «; = 1 follows directly
from (ii).

(vi) That null receivers have a reservation value of 0 follows from
(v). The remaining statements follow from the BES and (ii). O

4.2. Monotonicities in proposer probabilities
Note that, for all 4 and S 3 i, it holds

JjeS\{i}

and hence,
(i) it is never bad to be involved in bargaining.

(ii) when being involved in bargaining, it is always better to be pro-
poser than being respondent.

Thus, one could expect a player’s payoff to rise when proposer proba-
bility is shifted from a third player to him. At least, this shift always
increases the chance to be proposer and never decreases the chance to
be involved in bargaining.

Nonetheless, it may hold for the directional derivative correspond-
ing with a shift of proposer probability from one player j to another
player 4 that

Ou; Oy
- . 4.
30[2- 8aj <0 ( 9)

This is shown in the following example:

4.2 Example Consider the communication structure as depicted in
ﬁgure with parameters o = (0.6, o, 3), 1712y = 1, 02q1,2) = 1,
32,3 = 1, and § = (0.95,0.95,0.95). []

The corresponding payoffs p as a function of as are depicted in

figure 2

SIn the graph from figure 1] an edge from i to j symbolizes the possibility that i
proposes to the coalition containing him and j, that is, coalition {4, j}. In the
author’s opinion, graphs are better to read than hypergraphs.

10
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Figure 1: Three players on a line with a restricted central player
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Figure 2: Payoffs p as a function of ay (where az = 0.4 — a3)

Note that, for as > o3, it is 8“2 — % <0, i.e., shifts of proposer
probability from player 3 to player 2 reduce the latter’s payoff. This
comes from the fact that, as s — 0.4, the system becomes effectively
a two-player system, and player 2 loses his structural advantage. In
particular, player 1 profits from being respondent more often which in
turn decreases 2’s share as a proposer.

However, we find the weaker, more specific monotonicity:

4.3 Proposition For all players i, it holds for the directional deriva-
tive corresponding with a shift of the proposer distribution o in direc-
tion of the one-point distribution e; thaﬂ

a.uz a,uz
(1—ay) Z ] aaj (4.10)

Strict inequality holds iff a; < 1.
This means that at o; = 1, p; takes the unique local mazimum
(which is also global due to p; = 1, cf. proposition .

"By e; we denote the i-th standard vector, that is, a vector with the i’th compo-
nent being 1 and all others being 0. Interpreted as a distribution, this is the
one-point distribution on i.

11



Proof The respective directional derivative of the BES Ay = «
amounts to

Al (-
( 8041 Z @ 804]
0A 0A
=|(1-aye; Zajej - 17011-)@720@-@ 1.
J#i VED
Because payoffs sum up to 1, it holds for the sum of overall changes
that >, ((1 - a,)gg =D i O gg) = 0. Thus, due to A’s columns

adding up to 1, we know that the components of the right side add
up to 0 as well.

Moreover, for j # i, the j-th component of the right side amounts
to

—aj— [ == ai)Bidim + Y arBribims — Y o Bixrp

k#i,j k#j

=—a; + ﬁzy Z akﬁkg jlu’j + Z a]ﬂ]k(sklffk
k#j k#j

<= [ (1= onBidi)ms + Y o Bk
k#j k#j

Due to (Bij — > 5z okBri)0; < 1 — 344, aBrjdy, the inequality is
strict iff 1; > 0. Hence, by the null player property, the inequality is
strict for at least one j # i iff o; < 1.

Thus, the desired statement follows with help of corollary [A-4] in
the appendix. O

While this monotonicity is of course less general than that for gen-
eral shifts, changes of this kind are the most natural changes for pro-
poser distributionsﬂ

8Consider that each player i’s offers constitute a \;-Poisson process, that is,

they ’occur evenly’ with mean frequency A\; > 0 (for information on Poisson

processes, see Karlin and Taylor, 1975, pp. 22-26 and 123-128). Then player

i’s probability to be the proposer, given that some player in fact makes an
. N

offer, is just a; = SN ). Thus,

12



4.3. Monotonicities in coalition and respondent
probabilities

Consider a player i to be no null player and S, T two distinct coalitions
containing i. Assume 1 — ZjES Ojpy > 1 — ZjeT djpj, that is, the
excess of coalition S is greater than that of coalition 7. Although it
is better for player ¢ to propose to the weaker coalition S, it may hold
for the directional derivative corresponding with a shift of coalition
probability from T to S that

60’1'5 8aiT

< 0. (4.11)

This is shown in the following example:

4.4 Example Consider the communication structure from figure [
with parameters a = (0.27,0.35,0.38), o171,2y = 1, 02 = (02(1,2},02({2,3}),
os2.3) = 1, and § = (0.9,0.5,0.9).

1 ) )

~N— YT .

Figure 3: Three players on a line

The corresponding payoffs j as a function of oa(1,2y are depicted

in figure[)

Note that, for o1 0y > 03{1,2}, it is 80‘2?12’2} — 802?5,3} < 0, while
11 < d3us, i.e., coalition {1,2} has a greater excess than coalition
{2,3}. This effect occurs because the benefit from the actual difference
in reservation values d3us — 6141 is exceeded by the weighted changes
of reservation values. Player 1’s reservation value rises too fast and

is weighted too highﬂ

In the case of respondent probabilities, however, one finds two more
general monotonicities.

the proposer distribution varies with an increase of i’s offering frequency \;
day; _ 1—oy da —oj . . P

ox = SR v S for j # ¢. This in turn
constitutes a shift of « in direction of the one-point distribution e;.
Opi  _ _ Opy

Ooa(1,2y  Ooa(2 3}’

as follows: it is and

we find

9Using the short from dpu; for

(1 = (@1 4 a3)82)du2
= az(dsps — d1p1) — az(02(1,2)010p1 + 20972 339303,

From this, one sees that the weighted changes in reservation values may out-
weigh the actual difference in reservation values.

13
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Figure 4: Payoffs y as a function of ooy 2} (Where o1 93 +02(2,33 = 1)

4.5 Proposition Let i, j be two distinct players where i is no null
player. Then it holds for the partial derivative of the respondent prob-
ability B;; that

O

a3 <0, and (4.12)
ij
O

> 0. 4.13
9 = (4.13)

Strict inequalities hold iff j is no null receiver.

Proof The respective directional derivative of the BES Ay = «
amounts to

A 9A

B _%M'

The i-th component of the right side amounts to —a;d;4;, the j-th
component to «;d;/t;, and all other components are 0. Thus, the
desired statement follows with corollary [A:4] in the appendix. O

The proposition states that, if j is no null receiver, a decrease in
Bi; is always good for player i but bad for player j. The change is
irrelevant for both players if j is a null receiver. Consequently, players
prefer minimum respondent probability on third players but maximum
respondent probability on themselves.

A direct consequence is that, in a special case, one finds the previ-
ously considered monotonicity for coalition probabilities to hold.

14



4.6 Proposition Let i be no null player and S,T > i two coalitions
where S\T is either empty or contains null receivers only. Then it
holds for the directional derivative corresponding with a shift of coali-
tion probability from T to S that

Opi _ Opi
801-5 anT

> 0. (4.14)

Strict inequality holds iff T\S contains at least one player who is no
null receiver, that is, iff S has greater excess than T.

Proof The statement follows from proposition O

Thus, players prefer to have coalition probability on minimal coali-
tions only. Still, nothing can be said about finding the optimal coali-
tion distribution over minimal coalitions, even if their excess is differ-
ent. In particular, this means that equilibria in games where coalition
distributions are chosen before the actual bargaining are different from
those in games where coalition distributions may be chosen in every
round.

4.4. Monotonicities in discount factors

The second general monotonicity is found for the discount factors. An
increase in a player’s discount factor is never bad, and it is beneficial
if there is positive probability on him being a respondent.

4.7 Proposition Leti be no null player. Then it holds for the partial

derivative of his discount factor 0; that

i
> 0. .
5, = 0 (4.15)

Strict inequality holds iff © is a possible respondent.

Proof The respective directional derivative of the BES Ay = «
amounts to

ou 0A
A =— .
as, o5,
The i-th component of the right side amounts to
> B,
i

any j-th component to

— 0 Bjifi-
Thus, the desired statement follows with corollary [A74] in the ap-
pendix. O

15



5. Bargaining power

As players have positive time preferences, a friction is placed upon
them which is one reason for existence and uniqueness of stationary
subgame perfect equilibria. Considering arbitrarily patient players
brings - apart from the still exogenous communication structure - a
cooperational aspect into the game.

The following subsection states the definition of power by consider-
ing the limit of SSPE payoffs and shortly lists the induced properties.
The second subsection discusses the newly found veto player prop-
erty.

5.1. The transition to infinite patience

In cooperational games, players’ bargaining power is usually under-
stood as what they can secure when facing the resistance of everybody
else. So in this game, where minimizing other players’ share amounts
to maximizing the own, bargaining power can be considered to be the
payoff of infinite patient players.

We thus come to the following definition. Given some communica-
tion structure (IV,a, o), denote the players’ bargaining power ® by

o= %eri w(9).

Here, 11(0) is the vector of SSPE payofls in the corresponding randomly
matched bargaining games where players have a common discount
factor §. Thus, bargaining power is defined to be the limit of payoffs
as the common discount factor converges to 1@ From lemmata
and in the appendix, we know that p(d) is a bounded rational
function in §. Hence, the limit ® is well defined.

The properties we found valid for SSPE payoffs in the case of im-
perfectly patient players may or may not hold for bargaining power.
Due to/in spite of taking the limit, they now are

invalid: Smoothness (proposition[4.1](i)) does not hold. Bargaining
power may even be discontinuous (cf. the example in the next
section).

valid: Individual rationality and efficiency (proposition (ii)) as
well as anonymity and symmetry (proposition [4.1] (iii) and (iv)) are
not affected by considering the limit of payoffs.

10However, it is also possible to consider bargaining power in case of different time
preferences. With individual interest rates r; > 0 and time A > 0 between two
successive rounds, discount factors amount to 6; = e~ "i®. Bargaining power
then equals the limit of payoffs as A — 0.

16



weakened: The null player property (proposition (v)) now is
an implication only (o; = 0 = ®; = 0). The monotonicities in
proposer, respondent, and coalition probabilities (propositions
and become weak monotonicities in any case.

5.2. Veto players and discontinuities of power

However, due to players’ infinite patience, one additional property can
be found. We call a player i a veto player if he is a member of all
possible coalitions, i.e., if 3;; = 1 for all j with a; > 0.

5.1 Proposition Let V # () be the set of veto players which are no
null players.
Then, if there is no player j € V' for which

i) a; >0 and
it holds

Z(I)l-:l.

eV

Proof Assume ®; > 0 for some j ¢ V. Then there is ¢ € V' with
Bij < 1 and for this it holds

1= )i+ Y 0ifin®r = 0i(®i + Y Bir®r) < 0.

ki ki ki

This contradicts the limit of row 7 of the BES. O

The proposition states that if there are veto players who are no
null players, and no other player who is no null player can block all
their offers, then they hold all bargaining power.

We present an example.

5.2 Example Consider the communication structure depicted figure
with parameters a = (a1, a2,a3), oiq12y = 1, 02112y = 1, and
0'3{2,3} =1.
For this, the players’ bargaining power is given as follows:
Qg = 0: &= (04170,053)
a3:0: <I>:(a1,a2,0)
ag,a3>0: ®=(0,1,0)
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Here we see that arbitrarily small but positive proposer probability
may be sufficient to hold all power. This and the null player property
show up a discontinuity of bargaining power.

In addition, note that a shift of proposer probability from 2 to 3 may
be beneficial also in the case of infinitely patient players. In fact, it is
necessary for player 2’s holding all power that player 3 is able to make
offers — otherwise, player 1 would also be a veto player. Interestingly,
this is analogous to the donation paradox of power indices, that is, a
shift of voting weight from one player to another reduces the latter’s
payoff (see [Felsenthal and Machover} (1991} p. 252). Besides the null
player property, this is another analogy of proposer probabilities and
voting WeightsB

6. Concluding remarks

We have derived existence and uniqueness of stationary subgame per-
fect equilibria (SSPE) for all randomly matched bargaining games.
The main emphasis of the work has been on matching dynamics that
do not assume symmetry as for instance those of|Berg (1999) or |Calvo-
Armengol| (2001). A great variety of properties has been shown, most
notably smoothness in all parameters, efficiency, null players, and
monotonicities for each group of parameters. Some supposedly in-
tuitive monotonicties do, however, not show in all cases. This fact
highlights a dichotomy of preferences over probability distributions
on the one hand and preferences over outcomes of respective random-
izations on the other.

Payoffs have been found to be interpretable as bargaining power
when players grow infinitely patient. In this rather cooperational
setting, veto players (most often) hold all power. Rather inconvenient
are yet the possible discontinuities of bargaining power. Since so far it
seems that discontinuities only occur at the borders of the parameter
space, the problem might be overcome by a refinement similar to
trembling-hand perfectness[™|[[]

11 T thank J.M. Alonso-Meijide for pointing out this analogy.
12 Discontinuities are expected only where small changes in parameters are critical
to the validity of the veto player property, see propositionﬁ
Consider the e-perturbed version of randomly matche argaining game
(N,a,0,6) as the corresponding game where each player has a proposer prob-
ability of at least €. Let &€ be the vector of bargaining power in the perturbed
game and consider ® = lim._,o as the refined, ’trembling-hand perfect’ vector
of bargaining power of game (N, «,0,d). This makes sense insofar as the ex-
treme cases where some players are not make any offer are ruled out. Also,
incomplete information about whether each player has (infinitesimally small)
positive proposer probability or none should produce the same result.
Irrespective of how perturbations are designed, the discontinuities in example

13
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Based on the established results, it is possible to measure power in
committees by use of randomly matched bargaining games. Given a
simple game, matching dynamics can be induced which then yield the
players’ (bargaining) power. Note, however, that veto players’ hold-
ing all power is a necessary property of core allocation which is not
satisfied by any ’traditional” power index (cf. Shapleyl (1953} Banzhaf]
[1965}; IDeegan and Packell [1978} [Holler and Packel, [1983)). This in turn
implies that no such index can be induced by a proper communication
structure. Instead, using for instance matching dynamics which put
equal probability on each minimal winning coalition and equal prob-
ability on each member to be the proposer would yield a power index

rather similar to the nucleolus (cf. 2006)).

@ are overcome.
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A. Mathematical appendix

In the appendix, important properties of (3.5, the bargaining equa-
tion system (BES), are presented.
For this, note first that the BES corresponds with

Ap = a, (A1)

where A = (A;;)ijen is a matrix with

aj; =1— ZO&j ﬁji 0; Vi, and (AQ)
JFi
ai; = a; B 65 Vi # j. (A.3)

We call any matrix A a bargaining matriz if it corresponds with the
BES of some social network and a vector of discount factors.

The first lemma deals with existence and uniqueness of solutions
to the BES.

A.1 Lemma Any bargaining matriz A is regular. Hence, there is
always a unique solution = A 'a to the BES.

Every component of this solution is a rational function in all compo-
nents of a, 3, and 6. Hence, the solution is continuous and infinitely
often continuously differentiable in all parameters.

Proof Assume there exists z # 0 with Az = 0. We show a contra-
diction:

Since A is nonnegative and the diagonal is positive, the sets N =
{i e N|z; >0} and N_ = {i € N | 2; < 0} are both nonempty.
Note that x; # 0 implies «; > 0.

With 1 — ZjEN, Oéjﬁji(si > ZjEN+ aj, We find

> G < Z ”EN i + 3 2gei. ajﬂﬂéixi

o
iEN iENL J€N+ & iEN_ ZJ€N+ J
=0.

Analogously, it is

S Y o Uy e

Q; a;
ieN iEN_ JEN— J iEN, ZJGN J

=0,

a contradiction to the previous inequality. Hence, there is no x # 0
with Az = 0. O
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The second ensures the individual rationality and feasibility of any
solution to a BES.

A.2 Lemma For any solution x of a BES, it holds

x>0 (A4)
and
Proof

(r>0)Let Ny ={ie N|a; >0}and N_={i € N | z; <0} and
note that z; # 0 implies «; > 0. Since A is nonnegative, Ny must be
nonempty. We show N_ = () by a contradiction:

With 1 — ZjeN, ajﬁjiéi > Zj€N+ aj, We find

1->. ;350 a3,
jeN_ QjPji z j€N+ iPgi
E 0y < E szNJr @ E 0;x;

Qa;
iEN iENy iEN_ ZJEN+ J
=1.

Now assume that N_ # (). As above, we find

S 3 e, 5 S Oy,

(6% (0%
i€EN iEN_ JENf J iE€ENL ZJEN J

:17

a contradiction to the previous inequality. Hence, it must be N_ = ().
(>°; ®i = 1) The sum of elements in each column of the bargaining
matrix is 1. By this, it is

Zmi = Z(Z aj;)T; = Z(Z a;;x;) = Zaj =1. O]

The third and final lemma shows an important property of the
inverse of a bargaining matrix. This is necessary to proof the mono-
tonicities in section [l

A.3 Lemma Let A~! = (ai_jl)i,jeN denote the inverse of a bargain-

ing matrix A. Then for any i and any j # i it is

afl > a.f.l (AG)

% ij

meaning that in all of A=1’s rows the diagonal element is the strictly
greatest element.
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Proof Consider the LES Az = e; — e; with ¢ # j.
Firstly, we show a contradiction from the assumption x; = 0. In
this case, the sum of rows ¢ and j amounts to

(1- Z i fi0;)x; + Z (0B + o fBji) oy = 0,
1#4,j l#i,5

rows k # i, are

(1= aufudi)zr + > axBrudiz = 0.
17k 17k

The matrix corresponding with this LES is a bargaining matrix. So it
must be x; = 0 for [ # 7 and also x = 0, a contradiction to Az = e;—e;.
Hence it cannot be x; = 0.

Since z; is continuous in all parameters and the set of all possible
parameters is connected, it is either always x; < 0 or always x; > 0.
For a; = 0, row ¢ states (1 — Zl# o fidi)x; = 1. So it is &; > 0 in
this case and hence for all «, 3, and 6.

The actual statement follows from the fact that z = A~ (e; — ;)
is the difference of the i-th and j-th column of A~!. O

A.4 Corollary For a bargaining matriz A, consider the situation
Az =, (A7)

where r; > 0 for some i, r; < 0 for j # i, and Y, r, = 0. It then
holds that

x; > 0. (AS)
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