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Abstract. In an environment with three alternatives, we compute the degree of manipulability of five multi-valued social choice rules, under four preference extension methods, according to two indices. 

1  Introduction
The problem of manipulation in voting is that a voter can achieve a better social decision for herself by misrepresenting her sincere preference. Theoretical investigations of the manipulation problem were first made in [6, 16].
 It was shown that any singleton-valued and non-dictatorial social choice rule whose range contains at least three alternatives is manipulable. Manipulability means the existence of a preference profile where an agent has an incentive to manipulate. So although the result announced by [6, 16] is negative, it is not informative about the degree of manipulability of social choice rules.

To which extent social choice rules are manipulable was studied in [1, 9]. However, estimating the degree of manipulability is a difficult computational problem whose solution requires a variety of simplifying assumptions. Among these, there is the imposition of single-valuedness which is concordant to the model of [6, 16]. However, as [10] shows, anonymous and neutral social choice rules cannot avoid multi-valuedness. Thus, single-valuedness is a strong assumption which ends up in an unequal treatment of outcomes or voters, hence paving the way to the distortion of computational results.
 

We avoid this problem by working in the framework of [3], [5] and [8], where manipulability of multi-valued social choice rules is analyzed through axioms which extend preferences over a set to its power set. We consider an environment with three alternatives and under four preference extension methods, we compute two manipulability indices for five multi-valued social choice rules. 

Section 2 describes our framework. Section 3 states and discusses our results. Section 4 makes some final remarks. 
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2  The framework
2.1 Basic concepts
We use notations from [1]. There is a finite set 
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 = {a, b, c} consisting of three alternatives. Given some integer n ( 3, we write
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 which is the set of all non-empty subsets of
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. We assume that both the preference and the extended preference are linear orders.
 
Let 
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 is called a preference profile. A (multi-valued) social choice rule is a mapping 
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 and an agent i, we write 
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. So interpreting 
[image: image20.wmf]i

P

 as the sincere preference of agent 
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, manipulation occurs when 
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 pretends a non-sincere preference and induces an outcome which she prefers (according to her sincere extended preference) to the outcome that would occur if she had declared her sincere preference. Clearly, manipulability of a social choice rules depends on the relationship between an individual’s preference and extended preference. 

2.2 Extended preferences

Take any 
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 ( 
[image: image24.wmf]L

. We adopt three axioms in relating 
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 The first one, to which we refer as Kelly’s dominance axiom, was introduced in [8]. It requires X
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 Y for any distinct X, Y ( 
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 the worst element of X is at least as good as the best element of Y, then 
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The second axiom, called the Gärdenfors principle, was introduced in [5]. According to this principle, adding to some set X an alternative which is better (resp., worse) than every other alternative in X ends up in an improvement (resp. worsening). So given any X ( 
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The third axiom is defined in several ways in [7, 13] as a monotonicity/separability condition. Given any X ( 
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Finally, we consider a fourth axiom which is directly imposed over 
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. This axiom is used in [7] and we refer to it as the Kannai-Peleg axiom: Given any X, Y ( 
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Remark that given a preference 
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, the following two extended preferences are the only ones which simultaneously satisfy all four axioms:
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We also consider the following two extended preferences which satisfy Kelly, Gärdenfors, monotonicity but fail the Kannai-Peleg axiom:

3) 
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In our environment with three alternatives, these four extended preferences induces four different methods to which we refer as Method 1, 2, 3 and 4, respectively. 
2.3 Indices of manipulability

We consider two indices that measure the degree of manipulability of social choice rules. Letting 
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 is the number of profiles at which the social choice rule is manipulable
.

The other index which measures the freedom of manipulation is introduced in [1]. We also introduce two similar indices: the degree of nonsensitivity to preference change and probability of getting worse. Let us note that for an agent there are 
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[image: image60.wmf]+

ij

k

 
[image: image61.wmf];

1,...,

=

(

n

i

 
[image: image62.wmf]1)

!

0

-

£

£

+

m

ij

k

 the number of orderings in which voter i in profile j is better off, 
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[image: image64.wmf]-

ij

k

 - the number of orderings in which voter is worse off. It is obvious that 
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 one can find the share of each type of orderings for an agent 
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2.4 Social choice rules

 Write D(x;
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We consider the following five social choice rules: 

Plurality rule
Choose the alternatives that have been admitted to be the best by the maximum number of agents, i.e., C(
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Approval Voting Rule (for the case of three alternatives coincides with antiplurality rule)
Choose the alternatives that have been admitted to be the worst by the minimum number of agents, i.e., C(
[image: image95.wmf]®

P

)={x (
[image: image96.wmf]A

: n3(x;
[image: image97.wmf]®

P

) ( n3(y;
[image: image98.wmf]®

P

) (y (
[image: image99.wmf]A

}.

Borda rule.
Let s(x;
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 Borda rule picks the alternatives with the highest Borda score, i.e., C(
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Black's Procedure.
Before defining this procedure, we define the notion of Condorcet winner which is an alternative preferred by a majority over any other alternative in pairwise comparisons. Now, if a Condorcet winner exists, it is to be chosen. Otherwise, Borda Rule is applied. 
Threshold rule [2]. 

The alternative 
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)).  In other words, first, the number of worst places are compared. If these numbers are equal then the number of second worst places are compared. The alternatives which are not dominated by other alternatives via 
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3  Results
For three, four and five voters, all possible profiles are checked for manipulability (impartial anonymous culture is assumed) and respective indices are evaluated. For greater number of voters, the statistical scheme is used.

Both in the exhaustive and statistical schemes, for each profile under consideration, all 5 potentially manipulating orderings for each voter are generated and their corresponding choice sets are compared with the choice of the original profile, using all four preference extension methods.

The results of Kelly's index calculation for 3 and 4 voters are presented in Tables 1 and 2 below. In the parenthesis near the name of the rule, the results from [1] are given.

	 
	 Method 1 
	 Method 2 
	 Method 3 
	 Method 4 

	Plurality (0,1667) 
	 0,2222 
	 0 
	 0,2222 
	 0 

	Antiplurality
	 0,1111 
	 0,6111 
	 0,1111 
	 0,6111 

	Borda (0,2361) 
	 0,3056 
	 0,4167 
	 0,3056 
	 0,4167 

	Black (0,1111) 
	 0,0556 
	 0,1667 
	 0,0556 
	 0,1667 

	Threshold 
	 0,3056 
	 0,4167 
	 0,3056 
	 0,4167 


Table 1: Kelly index with 3 agents

	 
	 Method 1 
	 Method 2 
	 Method 3 
	 Method 4 

	Plurality (0,1852) 
	 0,3333 
	 0,3333 
	 0,3333 
	 0,3333 

	Antiplurality 
	 0,2963 
	 0,2963 
	 0,2963 
	 0,2963 

	Borda (0,3102) 
	 0,3611 
	 0,4028 
	 0,3611 
	 0,4028 

	Black (0,1435) 
	 0,2778 
	 0,2361 
	 0,2361 
	 0,2778 

	Threshold 
	 0,4028 
	 0,4028 
	 0,4028 
	 0,4028 


Table 2: Kelly index with 4 agents

One can see that in most cases, particularly in the case of 4 voters, assuming single-valuedness of the social choice rule underestimates its degree of manipulability. We also can state that for almost all rules Method 1 and Method 3 have the same Kelly's index as well as Methods 2 and 4. This means that for almost all rules in the case of three alternatives manipulation from 
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 or vice versa is not possible, otherwise the results should be different.
Note that plurality rule is nonmanipulable in the case of 3 voters and 3 alternatives under Methods 2 and 4. In fact, there is only one type of preferences profile where a voter can possibly be better off – the case of different best alternatives for each agent. In this situation every voter has 3 options:  

    1.  Declare sincere preferences. In this case the social choice will be 
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    2.  Declare the second-best alternative in sincere preferences as the best. In this case this alternative will become the result of voting. For example, if preferences over alternatives are 
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 then the social choice will be 
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    3.  Declare the worst alternative in sincere preferences as the best. In this case the choice will be the worst alternative in her sincere preferences. In our example it will be 
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It is obvious, that the last option can never be optimal and the decision about manipulation is made by comparing sets 
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Figures 1 and 2 which follow, give the results of calculation for a larger number of voters. Kelly's index is shown on the Y-axis and the logarithm of the number of voters is shown on the X-axis. The calculation was made for each number of voters from 3 to 25 and then for 29, 30, 39, 40 and so on up to 100. That explains changes at the figures when number of voters is more than 25.
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Figure  1:  Kelly's index for Method 3. 
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Figure  2:  Kelly's index for Method 4. 

Several conclusions can be derived from these figures.  

    1.  The answer to the question “which rule is less manipulable?” depends on the method of preferences extension. For example, when the number of voters is divisible by 3, approval voting is less manipulable than the plurality rule under Method 3, and the situation is opposite under Method 4. 

    2.  If the number of voters is small Threshold rule is less manipulable than Borda rule. But when the number of voters is high enough Borda rule is better in Kelly's sense. The exact minimum number of voters needed depends on the method used. 

    3.  Black's Procedure is least manipulable almost for any number of voters and for any method. 

    4.  Kelly's index for Black's Procedure and Method 3 depends on whether the number of voters is even or odd. At the same time for the rules such as Plurality, Approval voting and Threshold rule, there is a cycle of length 
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 can appear as the result of plurality voting only in the case when the number of voters is divisible by the number of alternatives. 

Finally, Figures 3 and 4 which follow are about 
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. In Figure 3, the results of calculation of 
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 index for 3 alternatives, 3 agents and Method 3 are given. The left part of each row is the degree of freedom of manipulation. The right part is the probability of getting worse. The middle part is the degree of nonsensitivity to preference change. In Figure 4 the results of calculation of 
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 index for 3 alternatives, 100 voters and Method 3 are given. One can see that the larger the number of voters is, the lower is the freedom of manipulation as well as the probability of getting worse.
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Figure  3:  
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 for Method 3 and 3 agents. 
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Figure  4:  
[image: image146.wmf]1
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 for Method 3 and 100 agents. 

4 Final remarks

We present here the preliminary findings of a large project which aims to compute the degree of manipulability of 22 social choice rules according to five different indices. The analysis we aim at is not restricted to three alternatives. With more alternatives, not only computational complexities increase, but also extending preferences becomes a more subtle issue. In this paper, with the help of having three alternatives only, we have been able to transform the strict partial orders induced by extension axioms into linear orders without much complication. However, this transformation becomes more arduous when the number of alternatives increases – a matter which our main project handles.
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� For a nice exposition of these models one can see [11].


� For example, in [1, 4], multiple social choices are refined through an exogeneously given order of alternatives. This is quite a common method of obtaining single-valuedness but it clearly breaks the symmetry between outcomes. See [14, 15] for a detailed discussion of this issue. 





� A binary relation B over a set S is a linear order iff B is irreflexive, transitive and connected. Irreflexivity requires the failure of s B s for each s ( S. B is transitive iff s B t and t B r implies s B r for all s, t, r ( S. Finally, B is connected iff given any distinct s, t ( S, we have either s B t or t B s.


� There are different axioms defining the relationship between preferences and extended preferences but in our environment with three alternatives only few of them are needed. Extensive survey about this topic can be found in [4].


�In [1], an extended version of the Kelly index was introduced. Denote by �EMBED Equation.3��� the number of profiles in which exactly �EMBED Equation.3��� voters can manipulate. Construct index �EMBED Equation.3��� which shows the share of profiles in which exactly �EMBED Equation.3��� voters can manipulate. Now one can consider the vectorial index �EMBED Equation.3���. Obviously, �EMBED Equation.3���.
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